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Abstract - -B id imens iona l  wavelet bases are constructed by means of McClellan's transformation 
applied to a pair of one-dimensional biorthogonal wavelet filters. It is shown that under some con- 
ditions on the transfer function F(Wl,W2) associated to the McClellan transformation and on the 
dilation matrix D, it is possible to construct symmetric ompactly supported biorthogonal wavelet 
bases of L2(R2). Finally, the construction method is illustrated by means of numerical examples. 
Keywords - -B io r thogona l  wavelets, McClellan transformation, Zero-phase symmetric dual filters, 
Nonseparable wavelets, Non-Fourier harmonic analysis. 
1. INTRODUCTION 
We first introduce some notat ion and definitions pertain ing to one-dimensional digital  filters. 
* In digital  processing [1], a filter is a linear t ime- invar iantoperator  given by the filter coef- 
ficients (Ck), k e Z. The filter acts on input signals (Xk), k • Z. 
* In the t ime domain,  the output  signal, (Yk), is the convolution of the vectors (Ck) and 
(zk), 
Yk : ~ elXk-l. 
lEZ 
Thus (ck) is the unit response at time k to a unit impulse at time zero. 
. In the frequency domain,  by taking Fourier transform, the filter acts as a mult ip l icat ion,  
~(w) = h(w)2(w), 
where the tr igonometr ic  series, 
h(w) = ~ ck e-ikw, 
kEZ 
is the filter's frequency response at frequency w to a unit input at that frequency. 
This work was supported in part by the Natural Sciences and Engineering Research Council of Canada under 
Grant A 7691 and the Centre de Recherches Mathdmatiques of the Universitd de Montrdal. 
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* A finite impulse response (FIR) filter is a filter with a finite number of nonzero coefficients. 
An infinite impulse response (IIR) filter is a filter with an infinite number of nonzero 
coefficients. 
• A filter is said to be a zero-phase filter if its frequency response, h(w),  is real. In this case, 
if ck E ~, then c-k = ck. 
• A filter is symmetric around l E Z if its coefficients atisfy the relation ck+l = Ck-l for 
all k E Z. 
• A low-pass filter is a filter whose frequency response, h(co), is one around 0 and zero 
around 7r; thus it lets low frequencies through and cuts high frequencies. 
• A high-pass filter is a filter whose frequency response, hi(w), is zero around 0 and one 
around 7r; thus it lets high frequencies through and cuts low frequencies. 
• A scaling function, ¢(x), is an L2(R) function satisfying 
¢(x) dx = 1, w) = h aJ , 
oo j= l  
where h(w) is a low-pass filter. 
• A wavelet, ¢(x), is an L2(R) function satisfying 
¢(x)  dx = O, ~(os) = hi ¢ , 
(x )  
where hi(w) is a high-pass filter and ¢(x) is a scaling function. 
• A filter bank is a set of more than one filter. 
In this work, the above notation will be extended to dimensions 2 and n. 
In recent years, the interest in two-dimensional (2-D) digital signal processing has prompted 
intensive research in the design of 2-D FIR and IIR filter banks (see, for example, [2-4]. Wavelets, 
because of their close connection with filter banks, have made possible the implementation of
new efficient algorithms for many signal processing applications, uch as sound analysis [5,6], and 
image processing [7-9]. Their popularity is explained, in great part, by their ability in localizing 
signals in both the spatial and frequency domains. 
Although extensive work has been done in the design of one-dimensional (l-D) wavelets, for 
example, [10-13], only a few papers, for example, [14-16], have dealt with nonseparable 2-D 
wavelets. Consequently, the design of 2-D wavelets is still essentially done by tensor product of 
a 1-D wavelet basis. Such wavelets have separable variables; thus details of a 2-D signal in arbi- 
trary directions are not as well represented as in the horizontal and vertical directions. Hence, 
it is desirable to design nonseparable bidimensional wavelets. Unfortunately, as in filter bank 
theory, the design of multidimensional wavelets is complicated because many techniques and re- 
sults from 1-D do not generalize to higher dimensions. Moreover, the design of bidimensional 
wavelets depends critically on the choice of a dilation matrix D E Z 2x2. The singular val- 
ues, ql _> a2 > 1, of this matrix, the norm, IID-1II2 = l /q2  < 1, of its inverse and the absolute 
value, Idet D[ = Crla2, of its determinant play a decisive role in the behavior of the wavelets. 
McClellan's transformation (see [17, pp. 137-148]) is an efficient ool for generating and im- 
plementing multidimensional FIR filters from a 1-D zero-phase FIR filter bank [18-20]. In this 
work, we show how to adapt this transformation to the construction of nonseparable wavelet 
bases of R 2. Note that because of the zero-phase restriction, McClellan's transformation can be 
applied only on a symmetric biorthogonal wavelet filter of finite length; consequently, it gener- 
ates only biorthogonal 2-D wavelets. Our technique not only allows the use of a large number of 
transfer functions, F(a~l,a~2), but also preserves the number of vanishing moments. 
The following bold letters will be used: D E Z 2x2 is a 2 x 2 matrix with integer ele- 
ments, x, co c R 2 are two-vectors, x = (Xl ,X2) t, ~u' = (COl,CO2) t ,  with real components, 
and k, n E Z 2 are two-vectors, k = (k l ,  k2) t, n = (nl, n2) t, with integer components. 
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In Section 2, two-dimensional multiresolution analysis, scaling functions and wavelets are briefly 
reviewed. In Section 3, symmetric ompactly supported nonseparable biorthogonal wavelets are 
designed. In the final Section 4, some numerical results are given. 
2. A MULTIRESOLUTION ANALYSIS 
AND WAVELETS OF L2(R 2) 
2.1. Mu l t i reso lu t ion  Ana lys i s  
To design 2-D wavelets, it is natural to generalize a 1-D multiresolution analysis, M1, [21,22], to 
a 2-D multiresolution analysis, M2. As in l-D, where M1 depends on the dilation factor N, M2 
is highly dependent on the choice of the dilation matrix D, which is defined as follows. 
DEFINITION 1. A 2 x 2 matrix D with integer elements is said to be a dilation matrix if its 
singular values, or1 and or2, satisfy the inequalities 
cr 1 >or2 >1.  
These conditions on D ensure that DE  2 C Z 2, HD-1[[2 = 1/32 < 1, and every direction is di- 
lated, or, equivalently, the approximation gets finer in all directions. Under these conditions, M2 
is defined as follows. 
DEFINITION 2. A 2-D multiresolution analysis, M2, is a decreasing sequence of closed linear 
subspaces of L 2 (R2), 
-.. C V2 C V1 C Vo C V-1 C V-2 C - - . ,  (2.1) 
with the following properties: 
(P1) U_~2 Vj is dense in L2(R 2) and ~_~ Vj = {0}; 
(P2) V /E  L2(R 2) and V j e Z, f (x )  ff Vd+I 4==~ f (Dx)  ff Vj; 
(P3) ~ ¢ E V0 c L2(R 2) such that, V k c Z 2, ¢0,k(x) = ¢(x - k) is an orthonormal basis of Vo. 
We define the scaling functions, 
O¢,k(x) = IdetDl-3t2O(D-Jx - k), j E Z, k E Z 2, (2.2) 
by scaling and translation of ¢(x). It then follows from (P2) and (P3) that, for fixed j E Z, the 
family ¢j,k(x), k E Z 2, form an orthonormal basis of V 3. 
It follows from properties (Pl) and (P2) that a sampling rate of [det D[ has to be achieved 
in order to go from one approximation level to the next, because the geometry of the sampling 
grid, F = Z2/DZ 2, is defined by means of the matrix D. In other terms, to achieve exact 
reconstruction, one needs to construct one scaling function and d = ]detD I - 1 elementary 
wavelets ~p(t)(x), l = 1, 2 . . . . .  d -  1. These wavelets can be constructed as linear combinations of 
some scaled and translated versions of the scaling function 0(x). 
If Idet DI = 2, only one elementary wavelet V)0,o(X) = 0(x) needs be constructed. In this case, 
the family of wavelets 
V'5,k(x) = Idet D I - J /2~(D- Jx  - -  k ) ,  j E Z, k C Z 2, (2.3) 
forms an orthonormal basis of the orthogonal complement, Wj, of Vj in Vj_  1. 
given J E Z, any function f (x )  E L2(R 2) can be expanded in the following wavelet series: 
j EZ  kEZ 2 
= E E E 
kEZ 2 j< J  kEZ ~ 
Thus, for 
(2.4) 
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where the scalar products (f, Cj,u) and (f, Cj,/~) are defined by 
R 2 R2 
If in (P2) we take f = ¢, then there exists a finite sequence of real numbers a/c such that ¢(x) 
satisfies the multiple-scale identity 
¢(x) = E au¢(O:r.- k), (2.5) 
kEZ 2 
for almost all x E R 2. Note that the ~k are the coefficients of the low-pass wavelet filter. From 
now on, only the quincunx-decimation and the column-decimation dilation matrices 
respectively, will be considered. One sees that 
[det D1] = Idet D2t = 2. 
For quincunx decimation, the sampling sublattice Q = Z2/D1Z 2, shown in Figure l(a), is 
defined by 
Q -- {(a, b) t E Z2; a, b have the same parity}. 
Following [23], the elementary wavelet ¢ associated with Q is given by 
~(=) = ~ (-1)k*~l_k~ _~2¢(D1= - k). (2.7) 
kEZ 2 
x 2 x 2 / \  
> 
x I 
P 
> 
x I 
(a) (b) 
Figure 1. (a) Quincunx and (b) column decimations. 
Similarly, for column decimation, the sampling sublattice C = Z2/D2Z 2, shown in Figure 1 (b), 
is defined by 
c = {(a, b)* e z2; a is even}, 
and the elementary wavelet is given by 
~b(a:) = E (--1)kl+k2al-k',l-k2¢(D2x -- k). (2.8) 
kEZ 2 
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In general, ¢(x) is not known exactly. However, under some conditions on the filter 
H(w) = Z ~k 
eik'w, 
k6Z ~ 
and on the matrix D, the 2-D cascade algorithm given in [23] produces a good numerical ap- 
proximation to ~(x). 
2.2. B ior thogonal  Wavelets for L2(R 2) 
As in filter bank theory, where the analyzing and synthesizing filters may be different, in the 
present case it is possible to use two different families of wavelets, one to decompose and the 
other to reconstruct a signal. Such wavelets are called biorthogonal wavelets and are described 
in the present subsection. 
We first generalize the 2-D orthonormal multiresolution analysis of Definition 2 to a 2-D 
biorthogonal multiresolution analysis. 
DEFINITION 3. A 2-D biorthogonal multiresolution analysis is a decreasing pair of families, 
(Yj)jez, and (Vj)jez, of linear subspaces of L2(~2): 
• .. C V2 C V1 C Vo C Y-1 C V-2 C ... , (2.9) 
. . .  c ~ c ~, c :4 c ~_, c ~_~ c . . . ,  (2.1o) 
where each family satist~es properties (P1) and (P2) of Definition 2. Moreover, the two families 
are related to each other by the following biorthogonality conditions: 
Wj _L Vj, Wj ± Vj, (2.11) 
where Wj and Wj are the (in general nonorthogonal) complements ofV 3 and ~ in Vj-1 and ~-1 ,  
respectively. 
If IdetDI = 2, and ¢(x) and ¢(x) are the scaling functions whose Z2-translates generate 
biorthogonal bases of V0 and V0, respectively, then the reconstruction formula is written in any 
of the forms: 
j 6Z  h6Z 2 
jCZ  /¢6Z ~ 
-- ) - :  + Z S; 
k6Z ~ j<J k6Z 2 
/~6Z 2 j<J k6Z 2 
previous section, the elementary biorthogonal wavelets for quincunx With the notation of the 
decimation are given by 
¢(x) = E (--1)kl~l-kl,-k2¢(Dx-- k), 
kez2 (2.12) 
~(~)= )--] (-1)~,:,,_~, _~j(D~- k), 
kEZ 2 
and for column decimation by 
~(m) = E (--1)k'+k2~'-kl'l-k2¢ (Dm-  k), 
uez2 (2.13) 
~(x)-- E (--1)k~+k2Cq-k'4-k~(~(Dm- k). 
k6Z 2 
The theoretical results of this section will be used in the design of 2-m biorthogonal wavelets 
in the next section. 
CAM~ 29:12-C 
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3. DES IGNING 2-D NONSEPARABLE WAVELETS 
3.1. McCle l lan 's  T rans format ion  
As mentioned earlier, our design is based on McClellan's transformation, and consequently, 
only biorthogonal wavelet bases will be considered from now on. We obtain symmetric om- 
pactly supported wavelets ince we use symmetric 1-D wavelet filters of finite length. McClel- 
lan's transformation, which is widely used for designing and implementing multidimensional FIR 
filters, [18-20], is defined as follows. 
DEFINITION 4. (MCCLELLAN'S  TRANSFORMATION)  Let 
N N 
E o ocos( l: E (cos(, ll 
n=0 n=0 
be the frequency response of a 1-D zero-phase FIR filter, where Tn is the n th degree Chebyshev 
polynomial. If F(w) is the frequency response of a 2-D zero-phase FIR filter, then McClellan's 
transformation associated to F(w) and applied to h(w) is 
N 
Mh(U~) = ~ wnTn (F(w)). (3.1) 
n=0 
Note that Mh(w) is itself the frequency response of a 2-D zero-phase FIR filter. Unlike in filter 
bank theory, some extra conditions on the function F(w) are needed to construct 2-D wavelet 
filters. These conditions are derived by using the following analysis. 
Let 
N N 
h(~) = ~ ~. cos(n~), ~(~) = ~ ~n cos(n~) 
0 0 
be the Fourier transforms of a pair of dual filters. Then McClellan's transformation Mh(W) 
satisfies the following two properties: 
(a) The identity 
h(w)h(w) + h(w +~)h(w +~) = 1, V• • [0,~r], (3.2) 
holds if and only if 
[n=~O O~nTn(x)] [ =~-~o~nTn(X)] nt- [ __~O OtnTn(-x)] [n_=~o~nTn(-x)] =1' (3.3) 
for all -1  < x < 1. In fact, (3.3) is equivalent to the identity 
(3.4) 
for all cue [0, Tr]. Since the mapping cos : [0,~r] --~ [-1,1] is a bijection, then (3.2) is 
equivalent to (3.3). 
(/3) The function h(w) has a zero of order 2m at ~r if and only if, for 0 < x < 1, 
N 
o~.T.(2~  - 1) --  :~2" 'p2(~_ml ( :~) ,  (3.5) 
n=0 
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where P2(N-m) (X) is a polynomial of degree 2(N - m). In fact, by writing 
N N 
o o 
N it is easy to prove that h(w) has a zero of order 2m at ~ if and only if ~-~n=0 anTE(  2x2 - 1) 
has a zero of order 2m at zero, and this proves the identity (3.5). 
REMARK I. 
tion. 
REMARK 2. 
Property (a) provides necessary conditions on F(w) to have exact 2-D reconstruc- 
Property (t3) shows how to preserve the number of vanishing moments. In fact, if 
F(w) = 2f2(w) - 1 (3.6) 
and h(w) has a zero of order 2m at 7r, then the corresponding filter factors as 
H(w) = f2m(W)P2(N_m)( f (w) ) ,  
where, here and in the following, the superscript m in fro(w) denotes the m-fold product 
fro(w) := If(w)] m. 
(3.7) 
3.2. Designing 2-D Wavelets 
3.2.1. F rom 1-D to 2-D fi lters 
From now on, we shall assume that the dilation matrix D satisfies Idet D I = 2 and shall use 
the quincunx and column decimations to illustrate the design techniques. 
It is known that the construction of 2-D biorthogonal wavelets reduces to the design of a pair 
of 2-D low-pass filters whose frequency responses, H(w1,022) and H(w1,022), satisfy the identities 
H(w1, w2)-~r(w1, w2) + H(w1 + 7c, w2 ÷ 7r)H(w1 -F 7r, 022 + 7r) : 1, Vw1, w2 e [0, 7r], (3.8) 
and 
H(021, w2)H(w1,022) + H(021 + 7r, 022)H(w1 + 7r, 022) -- 1, VW1,W2 e [0,2T'], (3.9) 
for quincunx and column decimations, respectively. 
Note that H and .~ are obtained by applying McClellan's transformation  a 1-D biorthogonal 
filter and its dual, respectively. If
N 
= cos(n ), h(02) = 5n cos(n ), (3.10) 
n=0 rt=0 
denote the Fourier transforms of the 1-D filter and its dual, respectively, then 
h(w)'h(w) + h(w + ~r)h(w + ~r) = 1. (3.11) 
For quincunx decimation, H and H will satisfy (3.8) if the transformation function F(w1,022) 
satisfies 
F(021 + 7r, w2 + TO) = -F(w1,022). (3.12) 
Hence by choosing an appropriate auxiliary transformation function f(w), the 1-D and the cor- 
responding 2-D wavelets have the same number of vanishing moments. 
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The wavelets will be in L2(R 2) only if the infinite product 
oo 
l I - 'l' 
j= l  
converges; thus necessarily 
F(0,0) = 1. (3.13) 
In terms of the auxiliary transformation function f(wl,w2), conditions (3.12) and (3.13) are 
written as 
f2(wl + r, w2 + zr) = 1 - f2(wl,w2) , f(0,0) = 1. (3.14) 
For column decimation, conditions (3.12) and (3.13) become 
f2(oJ 1 ÷ 7r,0.)2) : 1 - /2(wl,w2),  f(0,0) = 1. (3.15) 
We remark that conditions of type (3.14) and (3.15) are necessary, but not sufficient, for exact 
reconstruction. In fact, they do not ensure that the constructed wavelets are regular or even 
in L2(R2). However, by imposing extra conditions on f(w), H(w) and H(w), the construction 
of L2(R 2) biorthogonal wavelets is ensured, as shown in the following paragraph. 
3.2.2. Wavelet  bases of  L2(R 2) 
By the factorization formula (3.7), the following theorem which generalizes Proposition 4.8 
of [12] to the n-D case, provides us with a way of designing wavelet bases of L2(R2). 
THEOREM 1. (REGULARITY THEOREM) Let H(w) be the frequency response of an n-D FIR 
wavelet filter, and D c Z n×n be a di]ation matrix that satisfies the condition [1D-1112 < 1. 
Assume that the function H(w) factors in the form 
H(w) = f2N(w)~(W), (3.16) 
where 
oo 
II ) < (3.17) 
- 1 + ii~[I 2' j= l  
and, for some k >_ 1, we have the bound 
Bk = max IJ:(w)F(Dw)...J:(Dk-lw)[ 1/k < IID-111~ 2N+~/= 
~ER ~ 
(3 .1s )  
Then, the Fourier transform 
(3O 
j= l  
of the scaling function ¢(w) satisfies 
11¢(,.,..,)11 ~ c (1 ÷ II,.,.,11:') -~-~j~ , 
n log(Bk) 
e<N-~+ 
2 log (HD -1 [12)" 
PROOF. See [23]. 
Under the hypotheses of the above theorem, the construction of 2-D biorthogonal wavelets 
bases is ensured by the following theorem which generalizes Theorem 3.2 of [12] to n dimensions. 
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THEOREM 2. (RECONSTRUCTION THEOREM) Let D E Z "xn be a dilation matrix whose singular 
ff n values, { i}i=l, satisfy ai > 1, and hence, IID-1]I2 < 1. Set d = ala2""an. 
Assume that for some positive numbers, e, ~" > 0, the dual scaling functions, ¢(0) ~(0), and 
the (d - 1) different dual mother wavelets, ~b (i), ~(i), i -- 1,. . .  , d - 1, satisfy the inequalities 
I < (i + il ll ) ~(i)(w) < (1 + 11 112) (3.19) 
For j e Z, k 6 Z =, and i = 0 , . . . ,d -  1, define 
(i) Cj,a(x) := Idet D[- J /2¢ (~) (D- ix  - k) , ~bj,k(~ ) - (~)  := Idet D[-3/2¢ (~) (D- ix  - k) . 
Moreover, assume that 
Then for f e L2(l~n), we have 
d-1  
'~ l -D j~ l -Dk  
i=0 lEZ ~ 
(3.20) 
d-1  
z - -ZZZ 
i=1 jEZ kEZ" 
d-1  
(',= E E {s,G> :'") wj,W j ,k 
i= l  jEZ kEZ ~ 
PROOF. See [23]. 
Note that n = d = 2 in our case. 
REMARK 3. If the hypotheses ofTheorem 1 are satisfied, then (see [23]) the constructed wavelets 
are r-HSlder continuous for all real r satisfying 
0 _< r < 2N-  2 + log(Bk) 
log (HD -1112)" (3.21) 
However, this estimate is far from being optimal and, in practice, does not generally provide a 
good estimate for the regularity of the wavelets. 
3.2.3. Designing auxil iary transformation functions 
In this paragraph, we design the auxiliary transformation functions fQ (wl, ~v2) and fc  (Wl, o J2) 
for the construction of 2-D biorthogonal wavelet bases associated to matrices (2.6) for the quin- 
cunx and column decimations, respectively. As seen from the results of the previous paragraph, to 
construct biorthogonal wavelets for L2(R 2) it is enough that the dual frequency responses, H(w) 
and H(w), satisfy the conditions of Theorem 1. Hence, one needs an auxiliary transformation 
function, f(w), which satisfies (3.17). 
Since one is interested in symmetric 2-D wavelets with minimal support, a trivial choice of the 
auxiliary transformation function is 
f2 (w l ,W2)  = a0 % a l  coswl  + as  cosw2 % a3 coswl  cosw2,  
where the coefficients a0, al, a2 and aa are to be fixed later. 
For quincunx decimation, the auxiliary function fQ needs to satisfy the identity 
= 1 - + + 
over the square 0 < wl _< ~r, 0 <_ w2 _< ~r. Thus, a direct computation shows that a0 -- 1/2 
and al + a2 = 1/2. Consequently, 
FQ(Wl,¢O2) = 21~(Wl ,W2)  - 1 : a l  cosa) l  + (1 -a l )cosw2,  
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where al E [0, 1/2]. To have symmetry, it is appropriate to choose at = 1/2. Thus, 
1 1 f~(wl,w2)=l-~sin'(2 ) - : s in2(2  ) .  
It only remains to choose a quincunx dilation matrix D for which (3.17) is satisfied. 
It is proved in [12] that (3.17) is satisfied with the above auxiliary function fQ and the dilation 
matrix D1 of (2.6). Since, furthermore, []D~-1112 = 1/v~ < 1, then D1 is an appropriate dilation 
matrix for designing 2-D wavelets. 
For column decimation, following the analysis done in the quincunx case, one easily sees that 
the auxiliary transformation function fv(wl, w2), defined by 
1 (1 + cosT1 cosT2), 
is appropriate for McClellan's transformation i  the design of 2-D biorthogonal wavelets. 
Finally, we note that the proposed transformation function for designing 2-D wavelets associ- 
ated to the quincunx sampling strategy is the transformation function FQ(W) used in [8] and [14]. 
Hence, this section can be used to justify the choice of F(w) made in [8] and [14]. 
4. NUMERICAL  RESULTS 
This last section is devoted to the numerical construction of 2-D biorthogonal wavelet bases for 
quincunx decimation by means of the theoretical results of the previous ection. The numerical 
approximation of the scaling functions and wavelets is done by the following 2-D generalization 
of the 1-D cascade algorithm [24, pp. 202-205]. 
ALGORITHM 1. (2-D CASCADE ALGORITHM) Let ¢(x) be a compactly supported scaling func- 
tion satisfying (2.5) and D a dilation matr/x as in Definition 1. Let ak J denote the scalar product 
ak  J = (¢ ,  
where ej,k(x) is defined by (2.2). Then 
1-j (4.1) a; j = [det D[ U2 ~ ak_Dta l 
IEZ  2 
Imposing the starting value a ° = 1 if k = 0, and zero otherwise, and iterating (4.1), one 
obtains an approximation to the value of the scaling function at ;c = k, namely 
¢ (D-Jk) ~ [get D[J/2a;J. 
Moreover, it is proved in [23] that if ¢ is r-times differentiable and lID -1 [[2 < 1, then the 
convergence of the cascade algorithm is ensured with the following error bound 
¢ (D-Jk) -[detD]J/2a;J < const lID-l[] jr. 
For our numerical tests, we have considered the dilation matrix D1 given in (2.6). The transfor- 
mation function 
1 
FQ(Wl,W2) = ~ (coswl + COST2) 
has been used in the McClellan transformation to generate 2-D biorthogonal wavelet filters 
from 1-D filters. Among the numerical tests we have performed, the following three examples are 
chosen to illustrate the proposed construction method. 
EXAMPLE 1. Consider the 1-D biorthogonai wavelet filters, 
3 8 
hi (w)= y~ an eosnw, l'h(w) = ~ ~ncosnw, 
n-=-3 n=-8 
taken from [25] and whose coefficients, an and ~n, are listed in Table 1. 
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Table 1. The coefficients an of hi(w), for -3  < n < 3, and 5n of hi(w), for 
-8<n<8.  
n 
0 
4-1 
+2 
4-3 
4-4 
4-5 
4-6 
4-7 
4-8 
O~n ~n 
0.593 750 000 
0.304 687 500 
--0.046 875 000 
-0.054 687 500 
0.534 189 260 4 
0.283 911990 7 
--0.047 869 427 8 
--0.048 717 700 9 
0.038 357 801 0 
0.0159763535 
--0.008 948 753 9 
--0,001 170643 2 
0,001365 750 5 
2 ~ 
! 
C 
J 
d 
f 
2 -z~ 
(a,) ¢1, 
- , ~ zl.51 
Z 1 " ' - .  
-0. 
-0.5 
3-3 
J 
f 
f 
2-1 
(b) ¢~. 
(c) ~51. (d) ~1. 
3-2 
Figure 2. Biorthogonal dual scaling functions, ~bi(x) and ~I(X), and corresponding 
wavelets, ~Pi (x) and ~1 (ag). 
By choosing the quincunx dilation matrix D1 given in (2.6) and applying McClellan's trans- 
formation with the transfer function 
1 FQ(wl,w2) = ~ (cosa)l + CO80-)2) , 
one obtains 2-D biorthogonal scaling functions, ¢1(x) and ¢1(x). By applying Theorem 1, 
where Bk are estimated numerically, the regularity of the corresponding 2-D biorthogonal wave- 
lets, ¢1(x) and ~l (x) ,  is 0.2233 and 1.8342, respectively. Six iterations of the 2-D cascade 
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Figure 3. Biorthogonal dual scaling functions, ¢2(x) and ¢2(x), and corresponding 
wavelets, ¢2(x) and ¢2(x). 
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Figure 4. Almost orthogonal scaling function, ¢(x), and associated wavelet, Ib(x). 
algorithm were used to approximate the dual scaling functions, ¢1 (x) and ~1 (x), and the corre- 
sponding wavelets, ¢1 (x) and ~1 (x), shown in Figure 2. 
EXAMPLE 2. In this example, the coefficients of the 1-D biorthogonal wavelet filters, h2(w) 
and h2(w), to be used in the design process are given in Table 2. As in Example 1, six iterations 
of the cascade algorithm have been performed in order to construct he 2-D biorthogonal scaling 
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Table 2. The coefficients an of h2(w), for -4 ~ n < 4, and ~n of h2(w), for 
- I i  < n < II. 
n 
0 
4-1 
4-2 
4-3 
4-4 
4-5 
4-6 
q-7 
+8 
4-9 
4-10 
4-11 
Otn ~n 
0.480 468 750 
0.301562 500 
0.026 562 500 
-0.051 562 500 
--0.016 796 875 
0.657 635 569 572 
0.308 584 809 303 
-0.149 226 635 694 
-0.089 541 628 956 
0.101 056 776 941 
0.034 959 517 419 
-0.041 568 409 651 
-0.002 760 077 826 
0.012 585 756 368 
-0.001 785 110 798 
-0.001 665 276 009 
0.000 542 476 366 
Table 3. The coefficients fin of h3(w), for -3 < n < 3, and ~n of h3(w), for 
- -4<n<4.  
0 0.6035136428 0.6021962648 
4-1 0.255 301 328 8 0.256 818 852 5 
4-2 -0.051 756 821 0 --0.051 796 5714 
=£3 -0.005 301328 0 --0.006 818 852 5 
4-4 0.000 698 438 0 
functions, ¢2(x) and ¢2(x), and the corresponding wavelets, ¢~(x) and ¢2(x), as shown in 
Figure 3. 
The numerical techniques given in [25] show that the analyzing 1-D wavelets generated by h2 (w) 
are smoother than those generated by hi(w) of Example 1, the regularity estimates being 3.0217 
and 1.1115, respectively. But the synthesizing 1-D wavelets of Example 1 are smoother than 
those of this example, the regularity estimates being 1.9166 and 1.5443, respectively. Finally, we 
remark that the analyzing and synthesizing 2-D biorthogonal wavelets atisfy the same regularity 
properties as their corresponding 1-D wavelets. This is essentially due to the way we have applied 
McClellan's transformation i our design. 
EXAMPLE 3. Since our design is limited to biorthogonal 2-D wavelets, we have designed biorthog- 
onal 1-D wavelet filters, h3(w) and h3(w), which generate almost orthonormal 1-D wavelet bases. 
The coefficients,/3n and ~n of h3(w) and h3(w), respectively, are listed in Table 3. These filters 
have been used to construct nonseparable biorthogonal 2-D wavelets which are very close to 2-D 
orthonormal wavelet bases. 
The graphs of the scaling function, ¢(x), and associated wavelet, ~b(x), are shown in Figure 4. 
Since these wavelets are almost orthonormal, the graphs of the dual scaling function and wave- 
let, ¢(x) and ¢(x) ,  are almost identical to those of ¢(x) and ¢(x) ,  respectively, and are not 
shown. 
Finally, using inequalities (3.21), one finds numerically that the HSlder exponents of the almost 
orthonormal wavelets ¢(x)  and ¢(x)  are almost zero but nevertheless positive. Hence, one can 
conclude that ¢(x)  and 4~(x) are continuous. 
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